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CERTAIN MEROMORPHIC FUNCTIONS 
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. Abstract. Let / be a transcendental meromorphic function of finite order p for which 

C^) ' the set of finite singularities of / _1 is bounded. Suppose that oo is not an asymp- 

CN| . totic value and that there exists Met) such that the multiplicity of all poles, except 

£H ■ possibly finitely many, is at most M. For R > let Ir(J) be the set of all z e C 

for which liminf„_, 00 \f n (z)\ > R as n — ► oo. Here f n denotes the n-th iterate of /. 

Let /(/) be the set of all z 6 C such that \f n (z)\ — > oo as n — > oo; that is, /(/) = 

n_R>o In(f)- Denote the Hausdorff dimension of a set A C C by HD(A). It is shown 

that liniR^oo HD(J fl (/)) < 2Mp/(2 + Mp). In particular, HD(7(/)) < 2Mp/(2 + Mp). 

i—). These estimates are best possible: for given p and M we construct a function / such 

that HD(J(/)) = 2Mp/(2 + Mp) and HD(I fl (/)) > 2Mp/(2 + Mp) for all i? > 0. 

, If / is as above but of infinite order, then the area of Ir(J) is zero. This result does 

^ ' not hold without a restriction on the multiplicity of the poles 

> . 
d . 

1. Introduction and main results 

• The Fatou set F(f) of a (non-linear) function / meromorphic in the plane is defined 

as the set of all points zeC such that the iterates f k of / are defined and form a normal 
family in some neighbourhood of z. Furthermore, J(f) = C \ F(f) where C = C U {oo} 
is called the Julia set of / and 

1(f) = {z E C : f n (z) oo as n ^ oo} 

is called the escaping set of /. In addition to these sets, we shall also consider for R > 
L* ■ the set 



>< 



I R (f) = {zeC: liminf \f n (z)\ > R}. 



Note that 



m = n 

R>0 

It was shown by Eremenko [6J for entire / and by Dominguez j5] for transcendental mero- 
morphic / that /(/) and that J(f) = 91(f). For an introduction to the iteration 
theory of transcendental meromorphic functions we refer to [3]. Results on the Hausdorff 
dimension of Julia sets and related sets are surveyed in [T2J, |21] . 

The set of singularities of the inverse function / _1 of / coincides with the set of critical 
values and asymptotic values of /. We denote the set of finite singularities of f^ 1 by 
sing(/ _1 ). The Eremenko-Lyubich class B consists of all meromorphic functions for which 
sing(/ _1 ) is bounded. Eremenko and Lyubich p], Theorem 1] proved that if / 6 B is 
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entire, then /(/) C </(/). This result was extended to meromorphic functions in B by 
Rippon and Stallard [Hj. Actually the proof yields that Ir{}') C J(f) if / G B and R is 
sufficiently large. 

For A C C we denote by HD(A) the Hausdorff dimension of A and by area(A) the 
two-dimensional Lebesgue measure of A. McMullen [15] proved hat HD(J(/e 2 )) = 2 for 
/ G C \ {0} and that area( J(sm(az + (3z))) > for a, [3 G C, a ^ 0. His proof shows 
that the conclusion holds with J(-) replaced by /(•). Note that the functions considered 
by McMullen are in the class B so that the escaping set is contained in the Julia set. 

The order p(f) of a meromorphic function / is defined by 

log T(r,f) 

p{f) = hmsup — 

r ^oo log r 

where T(r, /) denotes the Nevanlinna characteristic of /; see [Bl El HE] for the notations 
of Nevanlinna theory. If / is entire, then we may replace T(r, /) by log M(r, /) here, 
where M(r, /) = max 2=r Thus for entire / we have [HI p. 18] 

p{j) = hmsup . 

r->oo log r 

It is easy to see that p(le z ) = p(sin(o;2; + (3z)) = 1 for I, a, [3 G C, I, a ^ 0. 

McMullen's result that HD(J(/e z )) = 2 was substantially generalized by Barahski [lj 
and Schubert [19] who proved that if / G B is entire and p(f) < oo, then HD( J(/)) = 2. 
In fact, they show that HD(/^(/)) = 2 for all R > under these hypotheses. Their 
proofs, which make use of the logarithmic change of variable introduced by Eremenko 
and Lyubich, show that the conclusion holds more generally for meromorphic functions in 
B which have finite order and for which oo is an asymptotic value. In fact, such functions 
have a logarithmic singularity over oo and their dynamics are in many ways similar to 
those of entire functions; see, e.g., [2] or [4]. 

The purpose of this paper is to show that the situation is very different for meromorphic 
functions of class B for which oo is not an asymptotic value. 



Theorem 1.1. Let f G B be a transcendental meromorphic function with p = p(f) < oo. 
Suppose that oo is not an asymptotic value and that there exists M G N such that the 
multiplicity of all poles, except possibly finitely many, is at most M. Then 

(1.1) HD (/(/)) < 2Mp 
and 

(1.2) lim HD < 2 U/ '' 



R^oo v Jlw " - 2 + Mp 

Note that Is(f) C -/#(/) if S > R. Hence HD(Jr(/)) is a non-increasing function of 
R and thus the limit in (11.21) exists. Clearly (11. ip follows from (11.21) so that it suffices to 
prove fTO|) . 

We note that elliptic functions are in B and have order 2. It was shown in [TTJ Theo- 
rem 1.2] that if M denotes the maximal multiplicity of the poles of an elliptic function /, 
then HD(/(/)) < 2M/(1 + M). Inequality ([171]) generalizes this result. 

On the other hand, it was shown in [TUJ Example 3] that if / is an elliptic function such 
that the closure of the postcritical set is disjoint from the set of poles, then HD(J(/)) > 
2M/(1 + M). The argument shows that HD(/(/)) > 2M/(1 + M). Thus ((TUJ is best 



possible if p = 
values of p. 
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2. The following result shows that Theorem 11.11 is best possible for all 



Theorem 1.2. Let < p < oo and MgN. Then there exists a meromorphic function 
f E 13 of order p for which all poles have multiplicity M and for which oo is not an 
asymptotic value such that 

(1-3) HD(J(/)) = 2M ? 

and 

(1.4) BD(I R (f)) > 2MP 

K J KRKJJJ 2 + Mp 

for all R>0. 

For functions of infinite order we cannot expect the Hausdorff dimension of J(f) or 
In(f) to be less than 2. However, we have the following result. 

Theorem 1.3. Let f E 13 be a transcendental meromorphic for which oo is not an asymp- 
totic value. Suppose that there exists M E N such that all poles of f have multiplicity at 
most M. Then 

area (/#(/)) = 
for sufficiently large R. In particular, 

area (/(/)) = 0. 



The proof of Theorem 11.31 uses well-known techniques, see [20] for a similar argument. 
In fact, as kindly pointed out to us by Lasse Rempe, Theorem 11.31 is implicitly contained 
in [T71 Theorem 7.2]. However, we shall include the short proof of Theorem 11.31 for 
completeness. 

Finally we show that the hypothesis on the multiplicity of the poles is essential. 



Theorem 1.4. There exists a transcendental meromorphic f E 13 for which oo is not an 
asymptotic value and for which 

area(/(/)) > 0. 



2. Notations and preliminary Lemmas 

The diameter of a set K C C is denoted by diam(i^). Later we will also use the area 
and diameter with respect to the spherical metric x- We will denote them by area x (i^) 
and diam x (ZT), respectively. 

For a E C and r, R > we use the notation D(a, r) = {z E C : \z — a\ < r} and 

B(R) = {z E C : \z\ > R} U {oo}. 
The following lemma is known as Koebe's distortion theorem and Koebe's ^-theorem. 
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Lemma 2.1. Let g : D(a, r) — > C be univalent, < A < 1 and z G D(a, Ar). Then 

(2.i) (iTA}^ /(a)|r - l9{z) ~ 9{a)l - (r^AF^' (a)|r ' 

(^sbV)l < 1^)1 < (T^l^)l^ 



(2.2) 
and 

(2.3) g{D{a,r))z>D{g{a),\\g'{a)\r). 

Koebe's theorem is usually only stated for the special case that a = 0, r = 1, g(0) = 
and g'(0) = 1, but the above version follows immediately from this special case. 

The following result is due to Rippon and Stallard [HI Lemma 2.1]. 

Lemma 2.2. Let f e B be transcendental. If R > such that sing(/ _1 ) C D(0,R), then 
all components of f~ 1 (B(R)) are simply- connected. Moreover, if oo is not an asymptotic 
value of f , then all components of f^ 1 (B(R)) are bounded and contain exactly one pole 
off- 

The following result is known as Iversen's theorem ([8j p. 171] or [161 P- 292]). 

Lemma 2.3. Let f be a transcendental meromorphic function for which oo is not an 
asymptotic value. Then f has infinitely many poles. 



Let (a,) be a sequence of non-zero complex numbers such that lim^oo \aj\ = oo. Then 



a = cr((Oj)) = inf < t > : |a,-| 4 < 



is called the exponent of convergence of the sequence (aj). Here we use the convention 
that inf = oo, meaning that a = oo if YsjLi l a il * = 00 f° r an ^ > 0- 

The following lemma is standard [HI p. 26]. 



Lemma 2.4. Let f be a transcendental meromorphic function and let a be the exponent 
of convergence of the non-zero poles of f . Then a < p(f). 



We mention that a result of Teichmiiller [22] says that if / e B is transcendental, if oo 
is not an asymptotic value of / and if there exists IgN such that all poles of / have 
multiplicity at most M, then m(r, f) = 0(1) as r — > oo. This easily implies that the 
exponent of convergence of the non-zero poles of / is actually equal to p(f) in this case. 
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3. Proof of Theorem 11.11 



By Lemma [231 / has infinitely many poles. Let (ctj) be the sequence of poles /, ordered 
such that | a,- 1 < for all j, and let m,- be the multiplicity of a,-. Then 



f(z) ~ ( bj ) as z a 



z-a 3 



j 



for some bj G C \ {0}. We may assume that \dj\ > 1 for all j G N. Let Rq > 1 such that 
singtr 1 ) C D(0,R ) and |/(0)| < R Q . 

Lemma 12.21 says that if R > Rq, then all components of f~ 1 (B(R)) are bounded 
and simply-connected and each component contains exactly one pole. We denote the 
component containing dj by Uj and choose a conformal map (f)j : Uj — * -D(0, R~ x l m i ) 
satisfying <f>j(a,j) = 0. Then \f(z)(j)j{z) m i\ — > 1 as 2 approaches the boundary of {7,-. 
Since |/(;2:)0. ; -(z) m '-' | remains bounded near aj and is non-zero in Uj, we deduce from the 
maximum principle that \f(z)(pj(z) mj \ = 1 for all z G Uj\{dj} and that |^-(oj)| = 1/|&j|- 
We may actually normalize <fij such that 4>'j(cij) = l/bj. Denote the inverse function of 
4>j by ipj. Since ipj(0) = aj and ^-(0) = bj we deduce from ( 12.31) that 

(3.1) Uj = *Pj{D(0,R- 1 /^)) D D (aj^RT 1 '™-^ D D . 

Since |/(0)| < R we have ^ Thus (13 .ip implies in particular that 

1 

for all R> Rq and hence that 

(3.2) l&j-l < 4i2 |a i |. 

We note that ipj actually extends to a map univalent in D(0, R Q 1//mj ). Applying (12. ip 
with 

A _^V 1M fR ^ 1/mj 

we find that 



1 . 
— o,- < a,- 



UjCD^j^^lbjlR-^y 

Choosing R > 2 M R we have A < | and hence 

(3.3) Uj C D (aj,2\bj\R- 1/M ) , 

provided j is so large that < M. Combining (13. ip and (13.31) we thus have 

D U^M) CUjCD ( aj ,2IT^ M \b s \) 

for large j. Combining (13.21) and (13.31) we see that 

Uj C D (aj,8R \aj\R- l/M ) . 
Choosing R > (16R ) M we thus have 

(3.4) Uj C D (aj, C D (o, ~|aj 
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Next we note that the Uj are pairwise disjoint. Combining this with (13.11) and (13. 41) we 
see that if n(r) denotes the number of a>j contained in the closed disc D(0, r), then 

7T 



1QR 2 



n(r) 




/ n(r) 




E 


\bj\ 2 = area j 


(y 
















/ n(r) 






< area j 
















< area 1 


X 


o, 



3 

'2* 



9tt 2 



Hence 

n(r) 

(3.5) £l^f <36,R 2 - 2 

We shall use (13.51) to prove the following result. 



r 



Lemma 3.1. // 



then 



Proof. We put 



t > 2Mp 



2 + Mp 1 



E 

3=1 





fol 






l+l/M 



f 

< oo. 



p ft \ t 

1 1+1 + 



2 V 2 / 2M 



,>£( 't-^i + ^.i. 



Then 

> 2 V2 + Mp V ' * ' 2 + Mp 
For I > we put 

P(l) = {j £N:ji (2 ; ) < j < n (2 m )} = {jGN:2'< | 0i | < 2 m } 

and 

_ v / N V v / 16,1 V/ i ^ (1 - S+1/M) 

jgp(z) Vl Jl 7 jeP(i) Vl Jl 7 Vl J 
We now apply Holder's inequality, with p — 2/t and q = 2/(2 — t). Putting 

/ 1 \ 2 2Mp + 2 

a = t 1 - s + — = * +- — > p 

V M J 2-t 2M H 

we obtain 

t/2 / \ (2-t)/2 



5, < 



|6 i 


12 




2s 



^ I Oil 
vi6P(0 1 Jl 
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Since a > p the series Y^jLi l a il _Q converges by Lemma [2.41 Thus 

( 2 -*)/ 2 f x x (2-i)/2 

< OO. 



X \ a la 1 - ^ ' ( |„. 

;eP(0 1 J 1 

We now see, using ( 13. 5p . that 



,o,- u / \ c — ' a,- , 




< A (36i?2^)) </a 
= A(12i2)* (2' (1 - s) )'. 

Since t(l — s) < 0, the series YlHo Sj converges. □ 

Continuing with the proof of Theorem 11.11 we note that in each simply-connected 
domain D C B(R) \ {oo} we can define all branches of the inverse function of /. Let g d - 
be a branch of f~ l that maps D to Uj. Thus 

( 3 - 6 ) 9j( z ) = V»i \-y, 



for some branch of the m^-th root. We obtain 



9i(z) = 



Since we assumed that R > 2 M Ro we deduce from (12.21) with A = | that 

12|^(0)| 12|6,| 



(3-7) |<rf(z)| < 



Ml+l/M \ Z \1+1/M' 



ior z E D C B(R) \ {oo}, provided j is so large that m 3 - < M. From (13.31) we deduce 
that 



diam(C/ fe ) < -j^M- 



Moreover, if U 3 - C B(R), then 



diam <7, (£/fc) < sup |^' (z)| diam C4 
2 ec/ fc 

12|fy| 4 
- (i| afe |)i+i/Af iji/Afl 6 * 
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Induction shows that if U^, Uj 2 , . . . ,Uj l C B(R), then 

diam((g n og n o...og jii )(U n )) 

^ ^) Ri/M^\a J2 \w/M--- 

In order to obtain an estimate for the spherical diameter, we estimate the spherical 
distance x( z u z 2) °f two points zi, z 2 G D(aj, §1%!). We have 

"\zi-z 2 \ 









\ a jl 


1+ 


l/M 



8| 


2i • 


- z 2 \ 


1 + 1 




2 



Z2) = 7TT\ 12 /TT T7! " 1 T il 12 ^ i i i — . i *2 < 

Thus 

g 

diam x (K) < ,„ , 1+1/M diam(K) 



l+l/M ' 



for K C C/j and hence (13.81) yields 



|aj| 



32 

(3.9) diam x (fo, o fe o . . . o g^) {U n )) < (2 1 / M 24)'- 1 ^ ? J] 

k=l 

Now there are branches of the inverse function of / mapping Uj k+1 into Uj k , for 
k — 1,2, ... ,1 — 1. Overall we see that there are 

l-l 

k=l 

sets of diameter bounded as in (13.91) which cover all those components V of f~ l (B(R)) 
for which f k (V) C U jk+1 C B(R) for k = 0, 1, . . . , I - 1. We denote by the collection 
of all components V of f- l (B(R)) for which f k (V) C for fc = 0, 1, 1. 

Next we note that (HOD implies that if UjCiBfiR) ^ 0, then \aj\ > 2R and Uj C 
We conclude that E x is a cover of the set 

{z G B(3R) : / fc (^) G B(3R) for 1 < fc < / - 1}. 

Moreover, if t > 2Mp/(2 + Mp), then 

^(dia mx (V))'<A/'-'((2VM24y-'J| 7 )' ± . . . ± TJ (^L_Y 

V&Ei V 7 j 1= n(R) j l= n(R)k=l Vl Jfcl 7 











|i+ 


l/M 



i / 32 y 

M _ 





fol 




l%l 


1+ 


l/M 




W^j i M(2l/M24), ,5 

Lemma [3.11 implies that 

M(2VM 2 4)< £ (tJMtIt)' < 1 

for large R. For such i? we find that 

lim V (diam x (\/))* = 

Z— >oo ' J 

and thus 

HD ({z G £(3i2) : / fc (^) G S(3i2) for all A; G N}) < t. 
Hence HD(i&R(/)) < t. As t > 2Mpj{2 + Mp) was arbitrary, the conclusion follows. 
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4. Lower bounds for the Hausdorff dimension 

In order to prove Theorem 11.21 we shall use results of Mayer [H] and McMullen [15] . 
For subsets A, B of the plane (or sphere) we define the Euclidean and the spherical density 
of A in B by 

/a t-.\ area(A n B) , , , . _,. area x (AnB) 

dens(A,B) = ,„v and densJA, B) = xv — - ' . 

K ' area(5) XK ' area x (5) 

Note that if 

(4.1) B C {z e C : R < \z\ < S}, 



then 



and thus 



4 

area(-B) < area x (S) < /1 i area(£>) 



(1 + 5-2)2 V / - XV V - ( 1 + jR 2)2 

^2 \ 2 



(4 - 2) (rrS) dens ^' 5 ) ^ dens x (A ;J B) < dens(A,B) 

if £ satisfies ( 1Q) 

In order to state McMullen's result, consider for / e N a collection £j of disjoint 
compact subsets of C such that the following two conditions are satisfied: 

(a) every element of E i+ i is contained in a unique element of E\\ 

(b) every element of E\ contains at least one element of £7+1. 

Denote by E\ the union of all elements of E[ and put E = D^i Ei- Suppose that (A;) 
and (di) are sequences of positive real numbers such that if B e Ei, then 

dens x (E l+1 ,B) > A, 

and 

diam x (£) < di. 

Then we have the following result 



Lemma 4.1. Let E , Ei, Ai and di be as above. Then 

ilogd, 



Yl^i |logAj-| 
lim sup — ^— — > n — dim £. 



We remark that McMullen worked with the Euclidean density, but the above lemma 
follows directly from his result. 

We shall use Lemma [4. II to prove ( 11. 31) . Of course, it follows from ( 11.31) that 

(4.3) HD (W )) > 

for all i? > 0, but the application of Lemma [4.11 does not seem to yield (II. 4p . which says 
that we have strict inequality in (14.31) . However, in order to illustrate the method, we 
shall first use Lemma 14.1 1 to prove (14.31) . We will then describe the modifications that 
have to be made in order to prove (II. 3p . 
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The proof of (11.41) is based on the following result due to Mayer [Hj, which he obtained 
using the theory of infinite iterated function systems developed by Mauldin and Ur- 
bahski [13], 



Lemma 4.2. Let f be a transcendental meromorphic function with p = p(f) < oo. 
Suppose that f has a pole a e C\sing(/ _1 ) and denote by M the multiplicity of a. Suppose 
also that there are a neighbourhood D of a and constants K > and a > —1 — 1/M such 
that |/' (»| < K\z\ a for z G f~ l {D). Then 

P 



(4.4) HD(J(/)) > 



a + 1 + l/M' 



Actually Mayer [T4"l Remark 3.2] points out that if (z n ) denotes the sequence of a-points 
and if 

oo 



(4-5) E 



n=l 



diverges, then we have strict inequality in (14. 4p . Moreover, his proof shows that if / has 
infinitely many poles a which satisfy the hypothesis of Lemma [4.21 and if the series (14. 5 p 
diverges, then 

(4-6) HD(/ fl (/)) > / — - 

( J v KJJJ a + 1 + l/M 

for each R > 0. 

5. Construction of the example 

In order to construct a function / to which the results of the previous section can be 
applied we put \i = 2/p and define 



(5.1) 9(z) = 2j2 

fe=l 



z 



2k 



We note that if k > (2\z\) /M , then 

k flk z k 



k" k \z 


k 




Z 


2k 



' " k>' k ' 



Thus the series in ( 15. ip converges locally uniformly and hence it defines a function g 
meromorphic in C. The poles of g are at the points 

Uk,i = k^ exp(7rv;/ / k) , 

where fceN and < I < 2k — 1. With vy.,i = k^ 1 exp(iril(l — k)/k) we have 

oo 2k— l 

M = EE 

v 7 ^ ^ z - U k i 

k=X 1=0 

Note that 

(5.2) \v k>l \ = k^ 1 = M 1 - 1 ^ = \u k ^-Pl 2 . 

We will show that g is bounded on the 'spider's web' W = W\ U W2 where 

W l =\J{z:\z\ = (n + l)>} 

n>l 
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and 



W 2 = (J | re M2m-l)/2n ; ( n _ I) " < r < ( n + I) ^ , 1 < m < 2n } 

n>2 

Let first z E W±, say \z\ = (n + |) where n G N. Then 

-j\9\ z )\ — \ z \2k _ p/ife ~"~ ^2^tfc _ U|2fc 

fe=l 1 1 ' k=n+l 1 1 

k=l 11 11 fc=n+l 

< yU fc" fe |*| fc 









£ M fc _l_ 


A 


k J^fik 




\z\ 


k 



k=l 1 1 ' k=n+l 



n 



Since log a; > (x — 1) log 2 for 1 < rr < 2 we see that if | < /c < n, then 

(^ij k = exp (//Hog (^)) > exp ^A: n + ^~S og2^ = 2"< 
With / = n + 1 — we deduce that 

[2] ^ n j 

Sl,n - 2^ - 1 + X] 2 A t ( n +5- fe ) - 1 
*=i fc=[5]+i 

(5.3) M 1 -=!*! x 

2^ fc - 1 + ^ - 1 

fc=i ;=i z 1 

00 1 x 1 

- Yl 2^ k - 1 + 5^ 9^-5) - 1 ~" °' 

k=l 1=1 z 1 

Similarly we obtain 

S 2 ,n < / \/*fc ~ + 2^ fc - 1 ' 

fc=n+l —V — 1 fc=2n+l 



We note that if n + 1 < < 2n, then 



1 X / ~~ \ 1W 6 I . 1 

n+2/ \ \ n +2 



exp ( /!& log 



> exp ( M (^i) io g2 ) 

> exp (// (A; — n — |) log 2) 

_ 2^( fc_n_ l) 



12 WALTER BERGWEILER AND JANINA KOTUS 

With I = k — n we obtain 

n oo 1 

(5-4) £ 2n <V— ^- + V — <C. 

1=1 * 1 fc=2n+l 

Combining (15.31) with (15. 4p we find that 

\g{z)\<AC for \z\ = (n + §)" . 

Let now z G W 2 , say 2; = re M^-i)/2n w h ere (n — |) M < r < (71+5)^ and 1 < m < 2n. 
Then z 2n = — r 2n and hence 



Similar estimates as above now yield 



■*2n 



+ n 2 ^ n ' 



^l^l^Jl — 2 / r 2k _ fc2fik ^ r 2n 1 n 2^tfc 2 f £.2/xfc _ r 2/c 

fc=l " fe=n+l 

<V" 1 + 2 + V 1 2j 

^ ( n _ |)^ - ^ k» k - (n + \f 

< 2C + 2. 

We obtain 

(5.5) \g(z)\ <AC + 4 for z G W. 



(5.6) (71+-^ -n^n"- (n--\ ~ ^V" 1 



Next we want to show that g is actually bounded on a larger set. To do this we note that 

V 

and 

(5.7) K„-«„, m+1 |=™1e-/--l|.|n-- 

as 7r — > oo. It follows that there exists r\ > such that if W n>m denotes the component 
of C \ W that contains w n ,m, then 

dist(w n>m , dW n:Tn ) > 2rjn t "~ 1 

for all n G N and m G {0, 1, . . . , 2n — 1}. The function 



is holomorphic in the closure of W n>m and for 2 G dW n>m we have 



„ . 1 

+ < 4C + 4 + — 

By the maximum principle 



]^)| < \g(z)\ + Vn ' m <4C + 4+-^— r = 4C + 4+ • 



\h(z)\ < AC + A + — for zeW n 
2rj 



We put r n = r/n^ 1 1 and deduce that if z G W n>m \ D(u njm , r n ), then 

3 

2rj' 



\g(z)\<\h(z)\ + ^^<4C + 4 + £-. 
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In order to show that g G B we note that if z G dW ntm , then 



13 



W(z) 



1 

2^ 



9(0 
(C-z) 



|C— z\=r„ 

This implies that if z G dW nm , then 



<— max Ipfz)! < — ( AC + 4 + 
r n \C-z\=r n r r 



2 - U n 



r„ 



< — [AC + A + 



2r/ 



Again we have 



< — (4C + 4 + — ) for zGW n , 



by the maximum principle. We deduce that if 5 > is chosen sufficiently small and 

z G D(u n , m ,5r n ), then 



W(z)\ > 



\h'(z)\ > 



1 ( 1 



z - u r 



AC -A 



277 



> 0. 



r n \5 2 T] 

It follows that if g'{z) = for some z G W n>m , then |z — u n>m | > 5r„ and thus 

\Vn,m\ 



\g(z)\ < \h(z)\ + 



\z — u 



n,m | 



<4C + 4 + ^+ 1 
2rj or] 



This implies that the set of critical values of g is bounded. By (15. 5p the same is true for 
the set of asymptotic values of g. Hence g G B. 

To compute the order of g we note that the number n(r,g) of poles of g in D(0, r) 
satisfies 

r r i/vi t-vm 



n(r, g)= ^2k~ I 2t dt = r 2 ^ 

J=l n 



as r — ► oo. Thus 



iV(r,<?) 



n (t,g)r, i p 
at ~ — r^. 

t p 



By ( 15.51) we have m(r, g) < 4C + 4 if r has the form r = (& + I) 1 * ^ or some ^ G N. It 
follows that 



(5.i 



r(r, ( )=*.) + m(,,,)~V 



as r — > oo through r- values of the form r = + |) ■ But since T(r,g) is an increasing 
function of r, the relation (15. 8p actually holds for all values of r. Hence g has order p. 

We now put 

f(z)=g(z) M . 
It follows that / G B and that / has order p. 
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6. Proof of Theorem 11.21 

Let / be the function constructed in section [5j As in section H] we denote the sequence 
of poles by (%), ordered such that \dj\ < |%+i| for all j G N. For each j G N we thus 
have a, = u n ^ m for some n G N and < m < 2n— 1. It is not difficult to see that n ~ j 2 
as j — > oo if = « n , m . Hence |oj| = |w n ,m| — n ^ ~ J 2m — as J — ► °°- Choose 6^ as 
in section [3] so that 

7 \ M 



z-a 3 



f(z) ~ I — as z — > a,j. 



Then bj = v n>m if cij = «„ im and hence 
(6.1) \b d \ = |a 



3 I 



|l-p/2 



by (15. 2p . Choose i? > large and let be as in section [3j Thus E\ consists of all 
components V of f~ l {B{R)) for which f k {V) C 5(E) for < k < I - 1. Clearly 
E = f)Zi Ei Cl R (f). 

We deduce from (EH) that if V G 5/ and / fc (F) C Uj for < k < I - 1, then 



diam x (y)<(2VM 24) wJ|_TJ 



+ 









l+l/M 



By (16.11) we have 



\K\ 


1 


\a jk \W 


Kl p/2+1/M 



and since |ajj > R we obtain 

diam x (V) < ( Rp/ ^ +1/M ) 
for some constant A > if V G -E/. Thus we can apply Lemma [4. II with 

(6.2) di ■ 



A ^ M 



_ Rp/2+l/M 

In order to estimate A; we note that 

Wn, m C D (u n , m , (| + ^) n** -1 
for large n by (15. 6p and (15.71) . By (15. 2p we have 

L, I _ L, ll-p/2 _ „M(l-p/2) _ M-l 

With r = /i/2 + 7r/4 we see that W n>m C D (w„ im , r|f„ im |) if n is large. Thus 

W n ,m C D(a i ,r|6 i |) 
if = M n ,m- On the other hand, it follows from (13.11) and ( 15. 51) that 

provided i? is large enough. We conclude that 

dens {r\B{R)),W n>m )> ^J^ . 
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Since W n>m C {z e C : (n - |) M < \z\ < (n + and since (n + \Y / (n - \Y" — > 1 as 
n — > oo this implies that if 5 > i? and 

= {z G C : 5 < \z\ < 2S}, 

then 

denS (^^( g ))> 17r2 ^/M - 

We now consider a branch gj of / _1 which maps A'(S) = A(S) \ (-2S, — S 1 ) into Uj. 
Recall that Qj has the form (13. 6p . It follows from (13.71) that 

, \2\bj\ 

\9j\ Z )\ — j^^l+l/M 

for 2 e A'(S). The argument to obtain (13. Tf) also shows that 

. < . . . 4|fef| 416,- 1 



27M\z\ 1+l / M ~ 27M{2S) 1+1 / M 
for z G A'(S). With K = 2 1+1 / A/ 81 we obtain 



sup 

u,veA'(S) 



1 

provided S is large enough. We deduce that 



g'(v) 



dens ( 9j (Ei) , gj (A'(S))) > lk dens ( E ^ A '( S )) > ' 



K 2 v x ' y n ~ 17 K 2 r 2 R 2 / M ' 

Applying this for all S for the form S = 2 k R with k > and for all branches gj mapping 
to Uj we deduce that 

( 6 - 3 ) ^^Uj)> ilK2 l T2R2/M 

for each element Uj of E%. Let now V E Ei and ji, J2, • • • ,jk such that f k (V) C C/j fc+1 for 
< k < I - 1. Then /'"^(V) = C/ if and 

(6.4) / w (I w ny)=I 2 n[/ Jr 

For large R a branch of / _1 that maps [/^ into Uj l _ 1 extends univalently to D (a,j t , foj,) 
and it maps D (aj v |%J into B(R). Thus the branch of the inverse of which maps 
Uj t to V extends univalently do D (a, ; , 1%,). Since Uj l C D (a J; , |aj,) by (13.41) . we can 
now deduce from (I6.3p . (16 .4p and Koebe's distortion theorem (I2.2p with A = § that 



Since [/^ C D (a J; , |%J we conclude using (14.21) that there exists a constant £> > such 
that 

dens x (E l+1 ,V) > 
Hence Lemma 14.11 can be applied with 

(6.5) A, U 



R 2/M ■ 
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Using the values for di and A; given by (16.21) and ( 16. 5ft we find that 

HD W >2- Um sup ( ' + 1) ^f-^ l0gfl ) = 2 ^ B ~i^ R 



W I (log, A - (f + i) logfl) log A - (f + i) logfl' 

Since E C and thus HD (/#(/)) > HD(.E) and since HD (Ir(/)) is an non-increasing 

function of i?, we obtain 

logS-^logi? £ 2Mp 



HD (/ fl (/)) > 2 - limsup ° /0 A % " = 2 - 



fl->ooMogA- (f + ^)logi? f + i 2 + Mp- 

Thus we have proved (14. 3p . 

In order to prove ( 11.31) we choose a non-decreasing sequence (Ri) which tends to oo. 
We define E\ as the set of all components of f~\B(Ri)) for which f k (V) C B(Ri_k) for 
< k < I — 1. Then = H^i ^ ^ A/)- The same considerations as before now yield 
that we can apply Lemma 14.11 with 

<h = A l f[ 

and 



L pp/2+l/M 
k=l k 



A, B 



J1IM- 

We obtain 



R\ 



HD ( ^)>2-limsup (Z + 1)l0gS -^ E - l0g ^ 



Choosing a sequence which does not tend to infinity too fast, for example R k 
for large k, we deduce that 



HD (/(/))> 2- 



m 2Mp 
£ + ^ 2 + Mp' 



2 1 M 

The opposite inequality follows from Theorem ll.il Thus we have proved (II. 3p . 

To prove (II .4p we will now apply Lemma [4.21 and the remarks following it. Let a be a 
pole of / which has large modulus. Thus a = w n>m where n is large and < m < In — 1. 
It follows from the consideration in section 3 that if a is large enough, if D is a sufficiently 
small neighbourhood of a and if z G / _1 (-D), then z is in a small neighbourhood of one 
of the poles u& j. In particular, we can achieve that 



1 




M 


2 





- u k)t \ 


M 



(6-6) "■: ,w <I/<:)|<2H 

and 

(6.7) |f(z)|<2M- 







M 


z - 




M+l 



for some fceN and < / < 2A; — 1, if \z\ is sufficiently large. Combining ( 16.61) and ( 15. 2ft 
we see that 

(6.8) \ z - UkA >( \ W=(jy) l "*'' |W/2 ' 



ON THE HAUSDORFF DIMENSION OF THE ESCAPING SET 17 

Now flESD, (O) and QB3D yield 

\f{z)\ < 2M - MM lMl 1 | < y^^r < 8M|a|(4|a|) 1 / A > fc ,r/ 2 - 1 , 

\Z ~ U k ,l\ \Z - Uk,l\ \z - U k ,l\ 

and as z is in a small neighbourhood of u^i we obtain 

\f{z)\ < K\z\»l 2 - 1 

for some constant K. We can thus apply Mayer's result with a = p/2 — 1 and hence (14. 4p 
yields 

HD(J(/))>. " 2M " 



£ + -£, 2 + Mp 

Thus we have again obtained (14. 3p . 

However, from (15.81) and the definition of / we deduce that 

M 

T(r,/ ~— r> 
P 

as r — > oo. This implies that the series f!4.5[) diverges for all a G C with at most two 
exceptions. Hence (11.41) follows from (14.61) . 



7. Proof of Theorem 11.31 

Suppose that area(J R (/)) > 0. Putting I' R = {z G C : \ f k (z)\ > R for all k > 0} we 
have area(/^.) > 0. We shall show that this leads to a contradiction if R is sufficiently 
large. 

We use the notation of section [3] and, in addition, denote by U® the component of 
B(Rq) that contains aj. Then Uf D U% = for j ^ k. In particular, E7? n E4 = for 
j ^ k if R> R . It follows that n U$ C E^-. By (J3HD we have 

C/° D D la h — 7777 1 6,- 1 
\ 3 ARl /MJ 

while (13 .3p yields that 

Let now £ be a density point of I' R and put Wi = f l {£,) for / G N. Then G Uj l for 
some j/ G N. Since \wi — OjJ < 2R~ 1 / M we have 

' C D I a 




? "4i?y M 




for large i?. Thus 



H) 



which implies that 



dens U tD L t ^\b A \\\ <100 0^ 



2/M 
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Similarly as in section [6] we see that if Ro is chosen large enough and if denotes the 
branch of the inverse function of f l which maps vui to £, then has an analytic continua- 
tion to D(w[, |i?o 1/,M |&jiI)- Applying Koebe's distortion theorem with A = ~ we conclude 
that 

dens L^^lJJ J < 8100 0£ ^ . 

Koebe's theorem also yields that 

With r\ = |_Rq 1//M |6 J; 0'(?i'/) | we conclude that 

(R \ 2,M 

(7.1) dens (4, (D (£, r,))) < 64 ■ 8100 f . 

Also, it is not difficult to see that r; — > as / — > oo. If i? is so large that the right hand 
side of (17. ip is less than 1, we obtain a contradiction to the assumption that £ is a point 
of density. □ 

We note that the argument shows that in fact the set of all z G C for which 

limsup \f k (z)\ > R 

k^oo 

has area zero for large R. 

8. Proof of Theorem 11.41 

We want to construct a function / 6 B for which oo is not an asymptotic value, the 
multiplicity of the poles is unbounded and area(J(/)) > 0. 

We begin by choosing a sequence of discs D(aj,rj) of radius less than 1 which are 
contained in {z G C : \z\ > 2} such that the complement 



A = C\\jD(a j ,: 

3=1 

is small in a certain sense. More specifically, we choose the D(cij,rj) such that with 

P n = {z G C : 2 n < \z\ < 2 n+1 ] . 
the following properties are satisfied: 



D(aj, Tj) D D(a k , r k ) = for j, keNJ^k, 
I n := {j G N : P n n D (a j; rj) ^ 0} is finite for n G N 

and 

{A n P n ) < 1 for n G N. 

It is clear that it is possible to choose a sequence of disks with these properties. 
Next we choose a sequence (r' k ) satisfying < r' k < r k for all k G N such that with 

oo 

A' = £\{jD{a v r' j ) 

3=1 
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we have 

(8.1) area (A' n P n ) < 2 

for all n6N. For fceNwe put 

dk = mmdist(ak, D (a j,rj)). 

Note that dk > rk for all fceN. We also choose a sequence (e k ) of positive real numbers 
such that 



(8.2) 



E e *< ?• 



fc=l 



Finally we choose a sequence (m fc ) of positive integers such that 

(8.3) *™ > 2, 

(8.4) e k (^j *>3 
and 

for all fc € N and 

(8.6) V ^ < - 

for all nGN. The function / : C —>■ C is now defined by 



/ \ 1 

/(*) = E e *( — ) 



Lemma 8.1. T7ie function f is in B and oo is not an asymptotic value of f . 
Proof. The derivative of / is given by 

For z G D(ak,rk) \ {a k } we thus have 
and hence, using the definition of d 



j- 



For z e D(a k ,r k ) we have |z — ojfc| < r k and thus (18.31) yields 

£km k ( r k \ e k m k 



r k \\z-a k \) r k 



> > 2. 
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On the other hand, applying (18.51) and ( 18. 21) we obtain 



oo , , nlJ 



j=0 3 3 3=1 

It follows from (1FT7L (Eg) and (EH]) that 

for all 2 G D(a k ,r k ) \ {a^}. The last inequality implies that all critical points of / are 
contained in A. Since 



OO j 

(8.11) <5> fe < - for zGA, 



fe=i 

all critical and asymptotic values of / are contained in D (0, |). Hence / G B and oo is 
not an asymptotic value of /. □ 

We also note that D(0, 2) C A so that flgXQ) yields that /(D(0, 2)) C D (0, §). Hence 
D(0, 2) contains an attracting fixed point and all singular values are contained in its basin 
of attraction. 

Lemma 8.2. If z G \JT=i D ( a h r j) = C \ A '> then \f( z )\ > 2 - 

Proof. Let z G D(ak,r' k ). Proceeding as in the proof of Lemma [8.11 we obtain 



The conclusion now follows from ( 18.21) and (18 ,4p . □ 

Since sing (/ _1 ) C D (0, -J we can define the branches of the inverse function of / in 

every simply-connected domain contained in <C\D(0, 1). Because of (18. lip such a branch 
of / _1 maps this domain into D(ak,r^) for some fceN. 

Lemma 8.3. Let g : {to G C : \w\ > 1} \ (— oo, — 1) — > D(a k ,r k ) be a branch of 
T/ien 

H| < j— r 

/or |iu| > 1. 

Proof. For |u>| > 1 we have 

i // m 1 2ri. / </(//•) <■//,. N 

( 8 - 12 ) lff»l= 7 vu < ' 
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by <KWf . If ze D(a k ,r k ) and \f(z)\ > 1 then by (JE2D 



3=0 



mi. 00 



Thus 



V z - a fc / *ri 



rat 



z-a fe |/ 2 
!/(*)!< 2e* 



F - a k \ 



and with u> = f(z) we obtain 

(8.13) \w\ < 2e k 

It follows from fl8TT2|) and fl8TT3l) that 

\g'M\ < 



- a* I 
2r fc 2e fc 4r fc 



e k m k \w\ m k \w\ 



We put A* = {z <E A : \z\ > 2}. 
Lemma 8.4. For k,n E N we have 



^{r\A*)nP n )<- k . 



Proof. Let g : {if G C : \w\ > 1} \ (— 00,— 1) — > D(a k ,r k ) be a branch of /" 
Lemma [8.31 we have 



// \g'(w)\ 2 dxdy = jr ff 
J J A* l=1 J JAnPi 



\g'(w)\ 2 dxdy 



<g»a(An fl ).(g 

16r 2 1 
< — £ SU P area n P i) / 7^7 
m fc i>i tl 2 



2 



16 r 2 
"2 



\ sup area (An Pi) 

3 j>i 



Noting that there are m k such branches of / 1 we deduce from (18.61) that 



Er 1 
— < - sup area (A n P t ) 
i^i , T m k 2 i>i 

for all nGff. Analogously we find that 



area (r 2 (A*) n P n ) < ~ sup area n P { ) 

^ z>i 
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and induction yields that 

area (f~ k {A*) n P n ) < ^ sup area (A n Pi) < ^ 



l>no 



2 k ' 



□ 



Put B = C\{JZ o r k (A). Then 

oo oo 

(8.14) C\B= \Jf~ h {A) C A'U \Jf- k {A*). 



k=0 k=0 



Lemma 8.5. area(5) > 0. 

Proof. It follows from Lemma 18.41 that 



area 



too \ oo 1 

\Jr i (A*)nP n )< y £ ¥ = 2. 
k=l / k=0 



By 08. ip we have 

area (A' n P„) < 2. 

Thus (18.14D yields that area (P n \ B) < 4 and the conclusion follows. □ 



Lemma 8.6. area(5 \ /(/)) = 0. 

Proof. Suppose that area(5 \ /(/)) > and let £ be a density point of B \ 1(f). Since 
£ G B we have / m (0 GC\Aand thus in particular |/ m (OI > 2 for m 6 N. As f £ /(/) 
there is a sequence (m{) tending to oo and a constant i? > such that |/" mi (£)l < -R- Put 
w i — f m '(0- Passing to a subsequence if necessary we may assume that wi — > w where 
2 < \w\ < R. Since the disks D(aj, rj) have radius less than 1 we have 

a := area(D(w, l)fli)> 0. 

Since sing C D (0, \) and since / (D (0, |)) C f(A) C (0, |) the branch # 

of f~ mi which maps wi onto £ exists as a univalent function in D (w, §) . Fix 6 with 
< 5 < | and choose Z so large that \wi — w\ < S. Put D\ = D(wi,l + 5). Then 
D(w, 1) C A C D(w, 1 + 25) and Lemma O yields with A = 2(1 + 2<J)/3 that 

sup MM < K := * 

We obtain 

11 a 
d&as{gi{A),gi{Di)) > — dens (A, A) > 77? dens(D(w, 1) n A, D t ) 



K 2 v , v - R2 k v-> J i KH{l + 5) 2 ' 

Lemma [2.11 also yields that there exists constants 71,72 > such that 

L>(£,7i|<7^)l) C gi{Di) C D{i ll2 \g'l^l)\)- 
With ri = 7 2 |^(w/)| it follows that 

den S (g l (A),D(£,r l ))> 



j 2 K 2 n(l + 5) 2 ' 

Also, (18.101) shows that g'(wi) — > and hence r/ — > as I — > 00. Since gi(A) (1 B — 
for alH G N this contradicts the assumption that £ is a density point of B. □ 
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Theorem 11.41 follows from Lemmas 18.51 and 18.61 
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